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Fig. 2 Density profiles in a shock wave of 98.5% He, 1.5% Xe mix-
ture.
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Fig. 3 Parallel temperature of helium in shock waves of He-Xe mix-
tures.

xenon and the preshock Mach number, respectively. Contrary
to common expectations for a shock wave in a single com-
ponent gas or a mixture composed of gases with a similar mass
ratio, shock waves with less xenon mole fraction show a steeper
parallel temperature profile in spite of higher preshock Mach
numbers. An unusual aspect of the results in Fig. 3 is the
hump in the helium parallel temperature profiles resulting
from a strong species separation due to pressure diffusion of
helium into the front part of the shock, which has never been
reported either theoretically or experimentally. It is interest-
ing to see that the location of the concavities preceded by the
humps coincides with the location of the sharp inflection point
in the density profiles shown in Figs. 1 and 2. The hump fades
away when the mole fraction of xenon increases, as can be
seen in the parallel temperature profiles for 6 and 9% xenon.

Conclusions

It has been shown that a realistic treatment of the molecular
interactions of the colliding molecules can have a substantial
effect in predicting the structure of a shock wave in disparate
mass mixtures which involve large changes in mole fraction.
The VDHS model was shown to offer better agreement with
experimental data in predicting the separation of the species
within helium-xenon shock waves. It is expected that the use
of the VDHS model should offer more accurate results in
predicting the separation of species in nonequilibrium flow-
fields of disparate mass mixtures which involve large changes
in mole fraction, such as the flowfield in the plume and back-
flow regions of nuclear thermal rockets. The highly irregular
behavior in the parallel temperature profile of the light species
was observed in the DSMC simulation results, and this be-
havior has never been reported either theoretically or exper-
imentally. This irregular behavior is thought to be physically
more plausible than a smooth behavior, and future theoretical

and experimental investigations of this phenomenon are rec-
ommended.
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Use of Adaptive Finite Elements for
Compressible Flow
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Introduction

DAPTIVE mesh refinement procedures with finite ele-

ments have been used for some time in computing com-
pressible high-speed flows. Mesh refinement procedures for
triangular finite element meshes were initially detailed by
Zienkiewicz et al.! Applications of these procedures to com-
pressible flow have been extensively demonstrated by Ra-
makrishnan et al.? Adaptive procedures for finite element
meshes with quadrilateral elements are discussed in Oden et
al.? and Shapiro and Murman.*
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Popular methods of mesh adaptation for finite element
analysis are mesh movement or redistribution, mesh regen-
eration, and mesh enrichment. Mesh movement schemes hold
the degrees of freedom (DOF) in a mesh constant, but move
the mesh to capture regions of high gradients. Although easy
to implement, the elements tend to become highly distorted.
In mesh generation, a portion of the entire computational
domain is regenerated when adaptation occurs. While this
technique is time consuming and requires careful grid inter-
polation from old to new grids, the problem of grid distortion
is significantly less.

Mesh enrichment consists of adding nodes or DOF in re-
gions where solution gradients are high. Elements that lic in
these regions are divided into smaller ones by a subdivision
process. Both triangular and quadrilateral elements can be
enriched by adding a central and/or midside node. These mid-
side nodes are referred to as virtual or hanging nodes. The
usual procedure for handling virtual nodes is to employ con-
straint equations that average nodal values of adjacent nodes
to obtain the value at the virtual node. One way to avoid
these unconnected nodes is to transition from a coarse quad-
rilateral mesh to a fine one using triangular elements.? This
type of refinement removes the need for constraint equations,
but adds complexity to the algorithm by combining quadri-
laterals and triangles. A survey article by Berger® presents a
good overview of grid enrichment methods. In this study, we
examine the use of mesh enrichment using quadrilateral ele-
ments for two simple compressible flow problems.

Mesh Adaptation Procedure

The starting point of an adaptation procedure is a mesh
coarse enough to allow rapid convergence, yet fine enough
to allow the flow details to appear. An initial solution is then
computed on the crude mesh. Refinement indicators are com-
puted based on the solution with the initial mesh, and ele-
ments that need to be refined or unrefined are identified.

After the initial set of refinements and unrefinements are
performed, the mesh is scanned for holes (an element with
three or more of its faces subdivided). Each hole is then
refined to reduce the number of virtual nodes (and hopefully
increase solution accuracy). The process of eliminating holes
will often create new holes, therefore, the process of refining
holes is repeated until no holes are found.

After all the mesh changes have been made, the grid ge-
ometry is recalculated, the solution is interpolated onto the
new grid, and the calculation procedure begun again. The
entire procedure is repeated (or cycled) until a “converged”
mesh is obtained, i.e., a mesh which no longer changes as the
solution progresses. Cycling approximately 4~7 times is usu-
ally sufficient for the mesh to converge. The calculation pro-
cedure continues on the converged mesh until each of the
dependent variables converge to a specified criterion.

Refinement Criteria

In order to decide which elements to refine or unrefine,
some sort of adaptation parameter must be defined. For com-
pressible flows, the density is typically used.® The adaptation
parameter is calculated as follows:

1) In each element, calculate the absolute value of the first
difference of density. For bilinear elements, the quantity used
isA, = maxij|pi - Pj|‘

2) Compute the mean and standard deviation of this quan-
tity.

3) Normalize this quantity by subtracting the mean and
dividing by the standard deviation.

The adaptive refinement procedure refines all elements that
satisfy the criterion A, > « and unrefines all elements that
satisfy A, < B, where « and B are preset threshold constants.
The values of a and B are varied to cause more or less elements
to be refined or unrefined, and are dependent on the flow
features present. The values are usually determined experi-

mentally and represent the optimum threshold values for the
problem geometry.

When using quadrilateral elements, fluxes and the state
vector at the virtual node are set equal to the average of the
fluxes and state vectors at the corner nodes after each cycle.
The time required in halving the virtual nodes is minimal
compared to the complexity of mixing triangular and quad-
rilateral elements to avoid interface nodes. The procedure of
setting the virtual node equal to the average of the state
vectors at the corner nodes produces a consistent, conser-
vative scheme.®

Results

Two inviscid compressible flow problems are analyzed using
a simple Galerkin finite element approach’ with mesh ad-
aptation. A comparison solution is obtained by analytical
analysis.

Converging Channel with 15-Deg Ramp

In the first problem, a planar 15-deg ramp is located on the
lower wall of a two-dimensional channel. The inlet Mach
number is 2.28. Based on one-dimensional ideal analysis, an
oblique shock develops at an angle of 40 deg relative to the
freestream. Downstream of the shock (region 2), M, = 1.69,
p.lpy = 1.80, and P,/P, = 2.34.

A somewhat globally fine, uniform mesh is shown in Fig.
1la. Density contours for the Euler solution are presented in
Fig. 1b. The profile shows a discontinuity at approximately
40 deg, in agreement with the ideal solution. However, the
shock is diffused over many elements.

A very coarse mesh was initially used to obtain a repre-
sentative bench mark for the adaptation process. The mesh
provided a lower limit for the number of nodes required to
allow flow features to develop. While the mesh allowed the
shock to rapidly form, the shock became significantly smeared
over many elements.

The refinement threshold value « was set equal to 0.8, and
the unrefinement threshold value B8 was set equal to 0.2. Val-
ues for « ranged from 0.7-1.2, while g ranged from 0.0-0.4,
without drastically altering the number of iterations required
for convergence.

The number of levels of adaptation is crucial in obtaining
an accurate solution with a minimal amount of computational
time. Table 1 compares results for the globally fine mesh,
coarse mesh, and three levels of adaptation with the analytical
solution.

b)

Fig. 1 Globally fine mesh and solution for converging channel: a)
uniform mesh and b) density contours.
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Table 1 Analytical/FEM ratios—converging channel with 15-deg ramp

Solution Nodes Element CPU(s) ts® M, p2/p P,/P,
Analytical 1.69 1.80 2.34
Globally fine mesh 1500 1421 1750 1145 1.75 1.86 2.38
Coarse mesh 240 207 244 250 1.84 1.76 2.78
One level of adaptation 382 324 425 1024 1.77 1.73 2.29
Two levels of adaptation 697 591 953 1695 1.74 1.86 2.37
Three levels of adaptation 1297 1092 1536 1832 1.68 1.84 2.37

Steps to convergence.

a)

b)

Fig. 2 Mesh and solution for converging channel-3 levels of adap-
tation: a) adapted mesh and b) density contours.

A mesh using one level of adaptation required three cycles
before it converged. One level of adaptation was not enough
to clearly capture and define the oblique shock wave. Two
levels of mesh adaptation required five cycles before the mesh
converged. Three levels of adaptation required six cycles be-
fore the mesh converged. The final mesh and density contours
are presented in Figs. 2a and 2b. The density contours indicate
that the shock has been well defined and restricted to an
extremely thin band.

The number of iterations required for convergence is not
a valid comparison because the meshes have different num-
bers of elements—the time required to perform an iteration
varies from mesh to mesh. A CPU time comparison is also
presented in Table 1. The CPU time required with two levels
of adaptation is 45.5% less than that required using a globally
fine mesh, which indicates that the use of mesh adaptation is
clearly cost effective. Although the CPU time increases 38%
when a third level of adaptation is used, the CPU time is still
less than that for the globally fine mesh.

Converging Channel with Constant Area Extension

In the second problem, a constant area duct is added to
the 15-deg converging channel. The inlet Mach number is
3.00. The complex geometry of this problem produces a shock
train. The oblique shock formed at the front of the ramp
intersects the upper surface and is reflected at an angle of
40.5 deg to the freestream. The reflected shock enters the
constant area duct where it continues to reflect from the lower
and upper surfaces of the duct, decreasing in strength and
eventually becoming subsonic. Another complexity involved
with this geometry is the interaction of the expansion wave
and the reflected shock, which occurs at the start of the con-
stant area duct.

The initial coarse mesh used for this problem consisted of
380 nodes and 333 elements. Two levels of mesh adaptation
were deemed sufficient to capture the shock structure. The
upper and lower refinement thresholds were set to 0.7 and

Fig. 3 Mesh and solution for converging channel with extension-2
levels of adaptation: a) adapted mesh and b) density contours.

0.1, respectively. The converged mesh consisted of 1481 nodes
and 1251 elements, and required 5731 iterations to converge.
The final mesh and density contours for the solution are pre-
sented in Figs. 3a and 3b. An additional level of adaptation
smoothed the contour plots, but did not significantly alter the
numerical values.

Conclusions

The computational effort associated with mesh adaptation
using quadrilateral finite elements has been examined using
two simple compressible flow problems. The numerical results
agree with analytical prediction and demonstrate the ability
of the adaptation finite element method to model shocks and
expansions with considerably good resolution at less com-
putational effort than globally fine meshes.

One area which warrants further investigation is the need
for improvement in the selection of indicators for use in ad-
aptation, especially when shocks of different strength are in-
volved. The algorithm is currently being used to examine
compressible viscous flows as well as chemical effects.
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